R
_ R4 2
I = ,;7e ™ logxdx

v, = 0:3428802834084703451210 126
v; = 0:2604007480 10 126

20

10



f:lab! R ct

[a; 1 n
Zy
| = f (x)dx
a
w
Zy
<f;g> = w(x)f (x)g(x)dx:
a
8i 2 N;deg(;) = i
8(i;j ) 2 N%<pisp >= 4
i n>0 p,

X0<X1<:::<Xn 1

()i o

[a; bl

(a;b)



w o [al

(Xi)O i<n
Z b y( 1
w)p(x)dx = wip(xi)
a i=0
p n 1
Wi
2n 1
w=1 (Pn)n 0
[ 1,1] Pn(1) =1
Pn n [ 1;1]
[a; b
[ 1;1] (Vn)
[a; b
Va(U) = Py w and Pn(x) = Vi a+b+;(b 2
[ L1]
[a; b
x§<x%<iii<x? Pn [ L1]
Xo<X1<:li<Xnp 1 [a; 4
(Pn)n 0
8
< Po(X) = 1
Pi(X) = X
(N+1)Prs1(X) = 2n+1)XPr(X) nPn 1(X):
Pn n
— 1 d 2 n
Po= (0 1))
2ﬂ

Pn

2 "Qn(X?) if niseven

PaX)=" 5 "XQn(X?) otherwise:

Pn Qn



n 2

Qn
Q 1
Qi 2
p O
i 2ton
Qp 410 1)Qp+2(2i DX PQ, p
v i
p 1 p
le
[a; b} n
2n 1
M2n e [
f [ab
(b a)2n+1(n!)4M .
@n+ D)@ "
m [a; b
m fla;a+ 22 [a+ 22;a+208],::: b B2 g
[a; b
(b a)2n+l(n!)4 Mo
m2(2n + D[2n) B
2 2
p
(x)
P X

E(x) := 1+ blog, jxjc 2E() 1 j xj< 2EX)

X 60 p
2Pulp(x) X ulp(x)

P X

c60 x60 c ulp(x) < 2 ulp(cx)

X
ulp(x) ;= 2EX) p
2 tulp(x) j xj <

X ulp(x)



X ulp(x)  ulp( (x)) (x)
X (x) p
xXj (1+2 P)j (x)]
a b
p
3
ulp(a) + ulp( b) §U|I0( (a+ b):
X oy
. .5
) () xyi éulp( (X)) M):
(XiO)O i<n I:’n
m = blc Ug<U1<:1:<Um 1 Qn
p—. ... p_— . :
0.,0..... o _ Up; :: Un 1 if nis even
X0 X1 oo Xno1 = pu_o;:::; pm; [f Og otherwise
Qn
m
Qn
. Qn(x) ¢ o m
e G i 20 A

Qn Ui log,(ci) Ui

k

X
Vi = 1+2xi0

: 1
i éulp(h);

Qn



k= ((a (b a)+b):
b a a

i
(@b a) v (b a up((a b a)

o xij gulpCa)+ ulp( (8 B @)+ Sup(h)

17
—ul :
7 ulp(h)
(Wi)o i<n
Z 1 X 1
p(x)dx = Wi p(Xi)
1 i=0
2 1
i2[0n 1] Li(x) = “jei(X  Xj) Li(¥) = xypoen Z")(an)(xi)
L0 n 2 <L%&P,>=0
Z Z,

0= Pn(X)LYx)dx = [Py (X)L (x)]*, PO(x)L;(x)dx:
1 1

PAL; on 1
R . ML LN
T @ x)PAx) (1 x)PX) jZOWJPn(XJ)LI(xJ)-
Jpn( 1)J=1 Li(Xj)z iij
o 2 _
T PR
Xi
Wi Pr9
PA(xi)

. 1
o wij EUIP(Wi):

I\/|2n

M1 ity [aHd



B;b  a;(w);f; (b);n . W,

R,V vi
p o F(X)dx
i Oton 1
t (b a W)
X (t+b)
2 (f (h))
n o @ w)
8 sum@;i=0:::n 1)
B (b a=2
(b= p
= Lulp(y) + 6 Myw; ulp(ir) n oWk
f
p 2
21 5n (b a?(nn*
B = Zup(P+ ZB max(y)+ @n+ DIEmpE
B =B + B
B
B
f(xi)
1 ulp p

exp sin arctan
ki

if () fOa)i=Jf 0 x)i; i 2 [min(xi; ki); max(xi; i)

fO
0= (f ()

g =i oI FX D0 x)i+ulp(f)
17

7M1 ulp() + ulp( R):



yi = f(xi) w
v ulpO)+ Rer T (wi
Zuip(p) + Bioi i+ iRl f ()
Zulp(n) + SAulp(ad) + w
Sulp() + Wi My ulp() + ulp( )
Sulp(R)+ (1+2 Pa My ulp() + ulp( )

(5+2% Pulp(R)+(1+2 PMywi ) uip(s)

(;+21 P)ulp(¥a) + lz7+17 2 P2 Muwulp(R)= y:

kb 1 B ulp(ei)
R
B =0 ki
xj =0 ulp(;)
max( y )
Yi
1.5 ulp =
p° p+log,(n)  S= Lty

i Sj gulp(§)+n max( y):

b a — b a — b a
= =S D= %

b

Q

2

iD  Dj %ulp(ﬂ?)

P oj %U|D(p)+l'g|§ SDj
%ulp(F’H %j@jullf)(lii’)+ Dj8 ]
§u|p(p)+ D gulp(9)+ n max( y)
gulp(p)+(l+2 Bl gulp(9)+ N max( y)

(g+3 2 Pulp(P)+ n(1+2 P)B max( 4):



= %ulp(bﬁ 46—i€)nM 10 max(w; ulp())

(b a_)2n+1 (n!)4
+
2n+1)[2n)3

f 0

BO

M2n

g8i2[on 1Lp= (w RB) O

ulp(h) 2' Py

iS & up(®)
S 1+3 2”8

X 1 7
L = (§+2l P)ulp(¥)
i=0
7 Xt
(z+2t P2t Py
2 i=0
2 ID(;+21 P1+3 2 P)8
(7+22 P)1+3 2 P)ulp(H):

8
i9 s g’+(7+21 P1+3 2 P) ulp(H)
+nM, 1?7+17 2 P 2 max(wjulp(h))

P



f(x) = e **logx

[a;b =[17;42]
gx) = e
h(x) = log x:
xXn i n i
(M) (x) = n d 9 :
fH(x) = L dxig(x)dx” -h(x):
hDx)=( "G 1)x "
g
gV (x) = Gi(x)e *°
Gi(x)
Go =1
Gis1i = 2G(x)+GYx) i O
Gi [
_ [
(2
| 0 Gi
(i +1)!
GO(X) =1
xi
Gi(x) = aj x/
j=0
Xt
Gi+1(x) = QXJI
j=0
| I -
B = 28 1+(j+Da«
i 20+ 1)1+ (j +1)(i +1)!
(G +3)(i +1)
(i+2):
h=0 jbaj =2 < (i +2) i+1

n O X 2 [17,42]

iGh(X)j n (n+1)!'x":

Gi



jf (Mj

X 1 .

FM j Ga(x)je ¥ logx + "iGije (n i LN
i !

1.,.

X |(|+1)X2i ng x2

i N !

“(n+1)x"logx+(n 1x" 2 :

n (n+1)!x"e ¥ logx + n!

n nle *

x 2 [17,42]
jf™j n onle ¥ (n+1)42"log 42+ (n  1)42" 2 :

|
p 53 113
200 500 1000 2000 5000

n
n p
m
n B
B
n
B B
n
p = 5200
911 8
B 9 5599
B o 5594




v 1011 2 42
55903 421 =5172

| p = 1000

2000
1%

25
20

-200

-400 f----

-600 |

-800

log(error)

-1000

-1200

-1400

-1600
0

T
measured

total -------

I I I I
50 100 150 200

m=8 1000

n 175

I I
300 350 400

n

=254



-200

T
math
rounding
-400

-600
-800 |

-1000

-1200

log(error)

-1400

-1600

-1800

-2000

-2200

2400 ! ! ! ! ! ! !
0 50 100 150 200 250 300 350

n

I m =38 1000

50% (m;n)

|  0:25657285005610 126

Vi

[a; 0

400



Time (ms)

3500

3000

2500

2000

1500

1000

500

T T
Computation time

400

m

8

1000






2n 1

2n 1
f=q Pn+r deg@ n Ldegf) n 1

Pn Pn 1 n l
Z
a(x)Pn(x)dx =0
1

Z,
r(x)dx = 1(r)
1

M2n e [
f [ab

(b a‘)2n+l (n!)4
(2n +D)[(2n)13

M2n

Rl P n 1
Eff]= 7, f(x)dx izo Wif (xi)
h

f 2n 1

8i2[0;n 15 f(x;)= h(x;) and fYx;)= h%x):

FeI((x)

f()= N9+~

(x  x0)%(x x1)?:i(X  Xn 1)?
1 x 1 a< (x)<b E[h]=0
#

FEDCOD (0 2 w0 x xn )

(2nh

@0 () PEX)

E[f]

Z,

1 (2n)) k2

2( 11)

f(2n)( )Z 1

E[f]= K2@nD) anz(x)dx:



Pn 1(x) [ L1]
z 1 YA 1
2n+1)  xP, 1(X)Pa(x)dx=n P2 ;(x)dx:
1 1

Ry , N
Vph = 1Pn(X)dX XPn 1()(): r|1(n Pn(X)+
R(X) degR) <n
Z, z,
Q”J’i(& P2x)dx = n P2 (x)dx
n 1 .
(2n+k¢Vn = nVn 1
n
Vn = n k_nv :
" n+1 ky 1 " 1
kn = 2nn 1kl’l 1
_2n 1
T 2n+1Vn 1
o= 2
" 2n+1
G, = —2n L
" (n 10 1T
E[f] = f(2n)() 2[(NH(n 1)!]222n 2
(@2n  1)H2@2n)i2n +1)
Zi QURPYCDTRY
(2n + 1)[(2n)1]3
N L

c60 x 60 c ulp(x) < 2 ulp(cx)

c<O0
2* tulp(x) j Xj
jexj < 2Pulp(cx)
c 2° lulp(x) j cxj < 2Pulp(cx): O
X ulp(x)  ulp( (x)) (x) X

2B 1 xj < 2E() ulp(x) = 2EX) p
2E(x) 1 J (X)j 2E(x) 2E(x) 2E(x) 1

ulp( (x)) 2% P ulp(x)



X (x) p
xj (@+2 P)j (x)j

00 U () 52 P OO

Xpjo (i+2 Pp(xj O

ulp(a) + ulp( b) ;ulp( (a+ b):
a b
2° lulp(a) a< 2Pulp(a);

2° lulp(b) b < 2Pulp(b)

2° ulp(a) +ulp(b)] a+ b < 2P[ulp(a) + ulp( b)]:
ulp(a) = ulp( b)
2Pulp(a) a+ b< 2P*lulp(a)

ulp( (a+ b)) ulp(a+ b 2ulp(a) = ulp( @) + ulp( b)

ulp(a) > ulp(b)
ulp(a) 2 ulp(b)

ulp(a) +ulp( b) gulp(a);

ulp( (a+ b)) ulp(a+ b) ulp(a)

X y
) ) xyi gulp( () W):
u= (x) v= (y) z= (u) X y
X Y 2

1 x y<2Z
e= Zulp(l)=2 P

x=ul+ )y=vl+ Y u=za+ 9 i5i %% e



X 1+e u= (x)=1 z= (uv) = uv

jz xyj = juv  xyj
juvj j1o@+ Ha+ 9
j uvj@t P+2 )
j zjet P+2 P)1+2 P):
jizj (2P ulp(2) jz xyj 2+2 P 212
p 1
Xx>1+e u= (x) 1+2e x> 1+e
1+2e X
X
1+2e
ju  Xj e
eu
1+2e
.. e
I 1+2e
. e
TS
) . 1 ) )
jz xyj = éulp(2)+1uv Xy]

2up(2)+ jui j1 @+ )+ O
|
2 .

2 3

}Ln (2) + juvj + 2e
2 P il 1+2e 1+2e
I

1 1 e 2 2

2 e 1 1+2e 1+2e ulp(2)
1 (e+2)1 ¢

T A S :

2" @202 PP

(Be+2)(1 ¢

2.
(1+2¢)2

Nlo1



