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Abstract

Numerical in tegration is an op eration that is frequen tly a v ailable in m ultiple

precision n umerical soft w are pac k ages. The di�eren t quadrature sc hemes used are

considered w ell studied but the rounding errors that result from the computation

are often neglected, and the actual accuracy of the results are therefore seldom

rigorously pro v en.

W e prop ose an implemen tation of the Gauss-Legendre quadrature sc heme with

b ounded error: giv en a b ound on the deriv ativ es of a function w e are able to com-

pute an in terv al con taining the true v alue of the in tegral, in arbitrary precision. The

error analysis is giv en as w ell as exp erimen tal error measuremen ts and timings, and

a complete quadrature example.

Keyw ords: n umerical in tegration, error b ound, Gauss-Legendre, m ultiple preci-

sion.

1 In tro duction

Numerical in tegration is readily a v ailable in most m ultiple precision n umerical com-

putation soft w are (e.g. P ari/GP , MuP AD, Mathematica, Maple, . . . ). In those

systems the precision can usually b e tuned b y the user for eac h computation (it is

generally understo o d as the �w orking precision� but it ma y also b e the n um b er of

digits displa y ed, when these t w o v alues di�er). It is ho w ev er not necessarily clear

ho w man y , if an y , of the displa y ed digits are correct. As a concrete example w e ask

Maple 10 the v alue of I =
R42

17 e� x2
logxdx with the default precision of 10 digits:

> evalf(Int(exp(-x^2)*ln(x), x=17..42));

-126

0.2604007480 10

W e ma y w an t to ask for a second v alue with a greater precision of 20 digits and w e

w ould get v2 = 0 :34288028340847034512� 10� 126
whic h has no common digit with

the previous v alue v1 = 0 :2604007480� 10� 126
. As w e will see later increasing the

precision did in fact w orsen the result.

This exp erimen t is a blun t reminder of the lac k of clear seman tics for �oating-

p oin t computations b ey ond the basic op erations co v ered b y the IEEE 754 stan-

dard [5]. As so on as computations are comp osed or transcenden tal functions lik e

1



the sine function are used nothing is guaran teed b y the IEEE 754 standard, and

m ultiple-precision arithmetics is not co v ered either. This is ho w ev er not an excuse

to rely only on heuristics to compute accurately , and it is still p ossible to obtain

guaran teed results.

Sev eral approac hes w ere made to o v ercome these shortcomings when computing

in tegrals. One can men tion the use of adaptiv e quadrature functions with an au-

tomatic adjustmen t of the in tegration step to eac h subin terv al (in MuP AD [8 ]), or

dynamic error con trol (of simple or m ultiple in tegrals [1, 6]). Ho w ev er w ell these

tec hniques ma y w ork in practice, they rely on heuristics to pro vide an accurate

answ er to an in tegration problem.

Our w ork di�ers from these approac hes in that w e seek to giv e a pro v en b ound on

the error that tak es in to accoun t all sources of errors, including the rounding errors.

What w e compute is in fact an in terv al con taining the result of the in tegral, and

with a prop er c hoice of parameters one can use our algorithm to increase arbitrarily

the precision on the result.

This pap er is organized as follo ws. W e �rst recall brie�y the Gauss-Legendre

in tegration from a mathematical p oin t of view, as w ell as some de�nitions and

prop erties of �oating-p oin t arithmetics. In Section 3 w e will describ e the algorithms

used to compute the Legendre p olynomials and the co e�cien ts of the metho d, whic h

do not dep end on the function to in tegrate and can therefore b e precomputed for

sev eral functions.

W e follo w with our main result in Section 4: our quadrature algorithm (Algo-

rithm 2) along with its error analysis and an error b ound summarized in Theorem 3.

W e giv e a complete example of use of our algorithm in Section 5.

2 Reminders

2.1 Gauss-Legendre Rule

W e giv e a description of the Gauss-Legendre quadrature metho d. It is a mem b er of

the Gaussian family of quadrature metho ds whic h is more generally studied in [2 ].

In this pap er, f : [a; b] ! R is the C1
function w e w an t to in tegrate on a �nite

domain [a; b] and n is the n um b er of p oin ts of the Gauss-Legendre metho d. Let

I =
Z b

a
f (x)dx

b e the exact v alue of the in tegral. W e de�ne the inner pro duct of f and g on [a; b]
for the admissible w eigh t function w as

< f; g > =
Z b

a
w(x)f (x)g(x)dx:

This leads to the de�nition of a sequence of orthogonal p olynomials (pi ) i � 0 suc h

that:

8i 2 N; deg(pi ) = i

8(i; j ) 2 N2; < p i ; pj > = � i;j

where � i;j is Kronec k er's delta. F or �xed n > 0, pn has n distinct ro ots in (a; b)
whic h w e name x0 < x 1 < : : : < x n� 1 . The Gauss quadrature metho d asso ciated
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to the w eigh t function w on [a; b] is the in terp olatory metho d at ev aluation p oin ts

(x i )0� i<n suc h that

Z b

a
w(x)p(x)dx =

n� 1X

i =0

wi p(x i )

holds for ev ery p olynomial p of degree up to n � 1 (this is enough to de�ne the

w eigh ts wi although the metho d will b e sho wn to in tegrate accurately p olynomials

of degree up to 2n � 1).

The Gauss-Legendre quadrature metho d is the Gauss metho d for the w eigh t

function w = 1 . A dditionally the Legendre p olynomials (Pn )n� 0 are usually de�ned

on [� 1; 1] and normalized suc h that Pn (1) = 1 and w e will follo w this custom here.

2.2 Legendre P olynomials

In the rest of this pap er Pn is the Legendre p olynomial of degree n de�ned on [� 1; 1]
as usual. The quadrature metho d on [a; b] is deriv ed from the quadrature metho d on

[� 1; 1] from a shifting and scaling in the p olynomial. If w e name (Vn ) the up dated

family of p olynomials on [a; b] w e ha v e the simple form ulas

Vn (u) = Pn

�
2u � (b+ a)

b� a

�
and Pn (x) = Vn

�
a + b+ x(b� a)

2

�
:

W e will mostly fo cus on [� 1; 1] but the results will b e giv en for the in tegration

in terv al [a; b], with the details of the translation omitted.

W e denote b y x0
0 < x 0

1 < : : : < x 0
n� 1 the ro ots of Pn on [� 1; 1] and use the

notation x0 < x 1 < : : : < x n� 1 for the translated ro ots on [a; b].

Lik e other orthogonal p olynomial sequences, the p olynomials (Pn )n� 0 satisfy a

recurrence relationship:

8
<

:

P0(X ) = 1
P1(X ) = X

(n + 1) Pn+1 (X ) = (2 n + 1) XP n (X ) � nPn� 1(X ):
(1)

F rom (1) w e deduce that Pn has only monomials of degree the parit y of n and has

rational co e�cien ts. W e recall Ro drigues' represen tation:

Pn =
1

2nn!
dn

dxn ((x2 � 1)n )

whic h sho ws that w e can use 2n
as common denominator for the p olynomial's co ef-

�cien ts. Th us Pn can b e written

Pn (X ) =
�

2� nQn (X 2) if n is even
2� nXQ n (X 2) otherwise:

The problem of computing Pn is reduced to the one of computing Qn , whic h has

in teger co e�cien ts. The pro cedure is detailed in Algorithm 1.

2.3 Mathematical error

In this section w e giv e the b ound on the mathematical error made with the Gauss-

Legendre quadrature metho d. A generic pro of for an y w eigh t function w can b e

found in [2]. The pro ofs can b e found in App endix A.
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Algorithm 1 Computation of the Legendre P olynomials

Input : n � 2.

Output : Qn .

1: Q0  1
2: Q1  2
3: p  0 . holds the parit y of the p olynomial curren tly computed

4: for i  2 to n do

5: Qp  � 4(i � 1)Qp + 2(2i � 1)X 1� pQ1� p

6: Qp  1
i Qp . exact in teger divisions

7: p  1 � p
8: end for

9: return Q1� p

Theorem 1. The Gauss-L e gendr e metho d on [a; b] with n p oints is exact for p oly-

nomials of de gr e e � 2n � 1.

Theorem 2. L et M 2n b e a b ound of jf (2n) j on [a; b], then the err or of the Gauss-

L e gendr e inte gr ation of f on [a; b] with in�nite pr e cision is b ounde d by

(b� a)2n+1 (n!)4

(2n + 1)[(2 n)!]3 M 2n :

W e will use in Section 5 the comp osition of the Gauss-Legendre quadrature

metho d: for an order of comp osition m and an in tegration domain [a; b] the com-

p osed Gauss-Legendre metho d is the application of the Gauss-Legendre metho d on

eac h m in terv als f [a; a + b� a
m ]; [a + b� a

m ; a + 2 b� a
m ]; : : : ; [b� b� a

m ; b]g. The error of the

comp osed metho d on [a; b] with in�nite precision is therefore b ounded b y

(b� a)2n+1 (n!)4

m2n (2n + 1)[(2 n)!]3 M 2n :

2.4 Floating-p oin t Arithmetics

F or the error analysis of Algorithm 2, w e need a few useful lemmas concerning the

� ulp calculus�, as w ell as some de�nitions. The �oating-p oin t n um b ers are repre-

sen ted with radix 2 (this could b e generalized for an y radix but radix 2 is simpler

and is natural on computers). F or this section, p is the w orking precision, and w e as-

sume all �oating-p oin t n um b ers are normalized, whic h means in our notations that

the exp onen t range is un b ounded. W e denote b y � (x) the �oating-p oin t n um b er

rounded to nearest in precision p of a giv en real v alue x .

De�nition 1 (Exp onen t, Unit in the last place) . F or a non-zer o r e al numb er x we

de�ne E(x) := 1+ blog2 jxjc, such that 2E (x)� 1 � j xj < 2E (x)
, and ulp(x) := 2 E (x)� p

.

F or a real x 6= 0 and a w orking precision p w e alw a ys ha v e 2p� 1ulp(x) � j xj <
2pulp(x) . If x is a �oating-p oin t n um b er, then ulp(x) is the w eigh t of the least

signi�can t bit � zero or not � in the p-bit man tissa of x . F or all real x , ulp(x) is

alw a ys greater than zero b y de�nition.

Lemma 1. If c 6= 0 and x 6= 0 then c � ulp(x) < 2 � ulp(cx) .

4



Lemma 2. Assuming no under�ow o c curs then in al l r ounding mo des for a non

zer o r e al x we have: ulp(x) � ulp( � (x)) , wher e � (x) is the r ounding of x in the

chosen mo de with an unb ounde d exp onent r ange.

Lemma 3. L et x a non-zer o r e al and � (x) its r ounding to ne ar est on p bits. Then

jxj � (1 + 2 � p)j � (x)j .

Lemma 4. L et a and b b e two non-zer o �o ating-p oint numb ers of the same sign

and pr e cision p then in al l r ounding mo des

ulp(a) + ulp( b) �
3
2

ulp( � (a + b)) :

Lemma 5. F or x and y r e al numb ers and using r ounding to ne ar est in pr e cision p
we have

j � (� (x) � � (y)) � xyj �
5
2

ulp( � (� (x) � � (y))) :

3 Pre-computations

In the in tegration algorithm the ev aluation p oin ts and the w eigh ts of the metho d do

not dep end on the function to in tegrate and their computation can th us b e shared

among sev eral executions of the algorithm. W e will no w explain ho w this quan tities

are computed.

3.1 Ev aluation p oin ts

Computing the ro ots (x0
i )0� i<n of Pn reduces to the computation of the ro ots of Qn .

Let m = bn
2 c and u0 < u 1 < : : : < u m� 1 b e the ro ots of Qn , w e ha v e:

�
x0

0; x0
1; : : : ; x0

n� 1

	
=

� �
�

p
u0; : : : ; �

p
um� 1

	
if n is even;�

�
p

u0; : : : ; �
p

um� 1;
	

[ f 0g otherwise:

The pro cess of computing the ro ots of Qn in v olv es t w o steps:

1. ro ot isolation, that is �nding m in terv als that con tain exactly one p ositiv e ro ot

of Qn eac h,

2. ro ot re�nemen t.

The ro ot isolation is made using Usp ensky's algorithm as describ ed in [10]. The

input of the algorithm is Qn (x) , and the output is a sequence of m in terv als of the

form

ci
2l i

where ci and l i are in tegers and suc h that [ ci
2l i

; ci +1
2l i

] con tains exactly one

ro ot of Qn , namely ui . A t this step, log2(ci ) bits of ui are kno wn.

W e use the in terv al Newton iteration describ ed in [9] for the ro ot re�nemen t.

Since this metho d computes eac h ro ot in in terv al arithmetics, it is computable to

arbitrary precision with a kno wn b ound on the error.

W e denote b y bx the v alue actually computed (i.e., with all rounding errors) for

a giv en �exact� v alue x , as w ould b e computed with an in�nite precision from the

b eginning of the algorithm. F or tec hnical reasons in the error analysis w e need to

ha v e the quan tities vi = 1+ x0
i

2 computed as rounded to the nearest �oating-p oin t

n um b er:

j bvi � vi j �
1
2

ulp( bvi );
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bx i = � (� ( bvi � ( [b� a)) + ba):

W e will assume that b� a as w ell as a w ere computed as rounded to nearest of the

correct v alue. The error analysis for the translated p oin ts on [a; b] giv es:

j � ( bvi � [b� a) � vi � (b � a)j �
5
2

ulp( � ( bvi � [b� a)) [Lemma 5]

j bx i � x i j �
1
2

ulp( bx i ) +
5
2

ulp( � ( bvi � [b� a)) +
1
2

ulp(ba)

�
17
4

ulp( bx i ): [Lemma 4]

3.2 W eigh ts

The w eigh ts (wi )0� i<n satisfy the equation

Z 1

� 1
p(x)dx =

n� 1X

i =0

wi p(x i )

for ev ery p olynomial of degree � 2n � 1 (see Section 2.3).

F or i 2 [0; n � 1] w e write L i (x) =
Q

j 6= i (x � x j ) . Notice that L i (x) = Pn (x)
(x � x i )P 0

n (x i )
.

L 0
i has degree n � 2 so b y de�nition < L 0

i ; Pn > = 0 :

0 =
Z 1

� 1
Pn (x)L 0

i (x)dx = [ Pn (x)L i (x)]1
� 1 �

Z 1

� 1
P0

n (x)L i (x)dx:

P0
nL i has degree 2n � 1 so it is in tegrated exactly b y the metho d:

0 =
P2

n (1)
(1 � x i )P0

n (x i )
�

P2
n (� 1)

(� 1 � x i )P0
n (x i )

�
n� 1X

j =0

wj P0
n (x j )L i (x j ):

F rom Equation (1) w e can see that jPn (� 1)j = 1 . Moreo v er L i (x j ) = � i;j so

wi =
2

(1 � x2
i )P02

n (x i )
: (2)

Since w e can compute x i to arbitrary precision, w e can use Equation (2) to compute

wi with arbitrary accuracy as w ell. Recall that P0
n is kno wn exactly and w e can get

an error b ound on P0
n (x i ) (kno wn as running err or ) using algorithm 5.1 from [4 ,

p. 95]. In the rest of this pap er w e will assume that eac h wi is computed as the

rounded to nearest of the exact v alue:

jcwi � wi j �
1
2

ulp(cwi ):

4 In tegration Algorithm

In order to pro vide an error b ound on the n umerical result giv en b y the Gauss-

Legendre metho d, w e will ha v e a step-b y-step lo ok in to Algorithm 2.

In addition to the parameters of Algorithm 2 w e need an upp er b ound M 2n of

jf (2n) j on [a; b]; p is the w orking precision expressed in the n um b er of bits of the

man tissa, ba and

[b� a are giv en as the rounded to nearest �oating-p oin t n um b er in

the desired precision; M 1 an upp er b ound of jf 0j on [a; b]. W e will no w pro v e our

main theorem:
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Algorithm 2 Gauss-Legendre in tegration

Input : ba; [b� a; ( bwi ); f; ( bvi ); n . where wi are the w eigh ts and vi is de�ned in Ÿ2.4.

Output :

bI , a p-bit appro ximation of

Rb
a f (x)dx with error b ounded b y Theorem 3.

1: for i  0 to n � 1 do

2: t  � (( [b� a) � bvi )
3: bx i  � (t + ba)
4:

bf i  � (f ( bx i ))
5: byi  � ( bf i � bwi )
6: end for

7:

bS  sum(byi ; i = 0 : : : n � 1) . with Demmel and Hida algorithm [3]

8:

bD  � ( [b� a)=2
9: return � ( bD bS) = bI

Theorem 3. L et � byi = 11
4 ulp( byi ) + 6 M 1cwi ulp( bx i ) , wher e byi , cwi and bx i ar e de�ne d

in A lgorithm 2. When c omputing the numeric al quadr atur e of f using A lgorithm 2

with p � 2 the total err or on the r esult is b ounde d by:

B
total

=
21
4

ulp( bI ) +
5n
4

bD � max(� byi ) +
(b� a)2n+1 (n!)4

(2n + 1)[(2 n)!]3 M:

In the total error b ound B
total

= B
math

+ B
rounding

w e will distinguish b et w een

the b ound on the mathematical error B
math

giv en in Section 2.3, and the b ound on

the rounding errors B
rounding

.

Algorithm 2 can b e analyzed in sev eral steps:

1. The computation of f (x i ) . W e assume w e ha v e an implemen tation of f with

an error b ounded b y 1 ulp on the result with precision p.

Suc h implemen tations of mathematical functions in arbitrary precision with

b ounded error on the result and ev en correct rounding for all rounding mo des

de�ned in the IEEE 754 standard can b e found for example in MPFR [11] for

non-trivial functions lik e exp, sin, arctan and n umerous others.

With the already estimated error on bx i w e ha v e:

jf (bx i ) � f (x i )j = jf 0(� i )( bx i � x i )j; � i 2 [min(x i ; bx i ); max(x i ; bx i )]

and with an upp er b ound on f 0
w e can b ound this error absolutely . Let

bf i = � (f (bx i )) b e the �oating-p oin t n um b er computed. A t this step w e no w

ha v e:

� bf i
= j bf i � f (x i )j � j f 0(� i )( bx i � x i )j + ulp( bf i )

�
17
4

M 1 � ulp( bx i ) + ulp( bf i ):
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2. Computation of the yi = f (x i ) � wi . The accum ulated error so far:

jbyi � yi j �
1
2

ulp( byi ) + j bf i cwi � f (x i )wi j

�
1
2

ulp( byi ) + bf i jcwi � wi j + wi j bf i � f (x i )j

�
1
2

ulp( byi ) +
1
2

bf i ulp(cwi ) + wi � bf i

�
3
2

ulp( byi ) + wi

�
17
4

M 1 � ulp( bx i ) + ulp( bf i )
�

[Lemmas 1 and 2]

�
3
2

ulp( byi ) + (1 + 2 � p)cwi

�
17
4

M 1 � ulp( bx i ) + ulp( bf i )
�

[Lemma 3]

� (
7
2

+ 2 1� p)ulp( byi ) + (1 + 2 � p)M 1cwi
17
4

ulp( bx i ) [Lemmas 1 and 2]

� (
7
2

+ 2 1� p)ulp( byi ) +
�

17
4

+ 17 � 2� p� 2
�

M 1cwi ulp( bx i ) = � byi :

Remark: when b ounding the error on bx i ,

bf i as w ell as byi , the term with ulp( bx i )
v anishes if the error on bx i is zero. One can easily sho w with our assumption

that no under�o w o ccurs, and that if bx i = 0 then the error on bx i is zero (i.e.,

x i = 0 ) and the ill-de�ned quan tit y ulp( bx i ) v anishes. F or the error b ound w e

k eep trac k of only max(� byi ) .

3. Summation of the yi 's: this is done with Demmel and Hida summation algo-

rithm [3], whic h guaran tees an error of at most 1:5 ulp on the �nal result. This

algorithm uses a larger w orking precision p0 � p + log 2(n) . Let S =
P n� 1

i =0 yi .

j bS � Sj �
3
2

ulp( bS) + n � max(� byi ):

4. Multiplication b y

b� a
2 : I = b� a

2 S . W e note D = b� a
2 and assume as b efore

that the input

[b� a w as computed as the rounded to nearest of its exact v alue.

Since the division b y 2 is exact in binary w e ha v e:

j bD � D j �
1
2

ulp( bD)

j bI � I j �
1
2

ulp( bI ) + j bS bD � SDj

�
1
2

ulp( bI ) +
1
2

j bSjulp( bD) + D j bS � Sj

�
3
2

ulp( bI ) + D
�

3
2

ulp( bS) + n � max(� byi )
�

[Lemmas 1 and 2]

�
3
2

ulp( bI ) + (1 + 2 � p) bD
�

3
2

ulp( bS) + n � max(� byi )
�

[Lemma 3]

� (
9
2

+ 3 � 2� p)ulp( bI ) + n(1 + 2 � p) bD � max(� byi ): [Lemmas 1 and 2]

Corollary 1. If we assume furthermor e that the sign of f do es not change on [a; b],
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then we have the fol lowing b ound:

B 0
total

=
161
4

ulp( bI ) +
425
64

nM 1 bD max(cwi ulp( bx i ))

+
(b� a)2n+1 (n!)4

(2n + 1)[(2 n)!]3 M 2n :

Pr oof : Let us assume for example that f � 0, kno wing that the Gauss-Legendre

w eigh ts are p ositiv e w e ha v e

8i 2 [0; n � 1]; byi = � (cwi � bf i ) � 0

so

ulp( byi ) � 21� p byi :

Let

~S =
P n� 1

i =0 byi , w e kno w that

j ~S � bSj �
3
2

ulp( bS)

~S � (1 + 3 � 2� p) bS

L =
n� 1X

i =0

(
7
2

+ 2 1� p)ulp( byi )

� (
7
2

+ 2 1� p)21� p
n� 1X

i =0

byi

� 21� p(
7
2

+ 2 1� p)(1 + 3 � 2� p) bS

� (7 + 2 2� p)(1 + 3 � 2� p)ulp( bS):

F rom this w e get the follo wing b ound on the error on

bS :

j bS � Sj �
�

3
2

+ (7 + 2 1� p)(1 + 3 � 2� p)
�

ulp( bS)

+ nM 1

�
17
4

+ 17 � 2� p� 2
�

max(cwi ulp( bx i ))

and substituting this expression in the b ound of j bI � I j ab o v e yields the announced

result.

5 Exp erimen ts: a complete example

Algorithm 2 w as implemen ted using the MPFR library [11]. In addition to the

result of the in tegration, the program giv es the error b ounds B
math

and B
rounding

on the mathematical and rounding errors, resp ectiv ely .

W e giv e no w as an example ho w to use our algorithm to compute an accurate

v alue for the in tegral giv en in the in tro duction, namely:

I =
Z 42

17
e� x2

logxdx:

9



Let f (x) = e� x2
logx . W e need to pro vide a b ound on the deriv ativ es of f on

[a; b] = [17; 42]. W e note

g(x) = e� x2

h(x) = log x:

Leibniz's form ula giv es

f (n)(x) =
nX

i =0

�
n
i

�
di

dx i g(x)
dn� i

dxn� i h(x):

F or i � 1 w e can write

h(i ) (x) = ( � 1)i +1 (i � 1)!x � i :

The deriv ativ es of g need more w ork, but w e can write

g(i ) (x) = Gi (x)e� x2

where Gi (x) is a p olynomial and

G0 = 1

Gi +1 = � 2xG i (x) + G0
i (x) for i � 0: (3)

F rom Equation (3) w e see that Gi is an in teger p olynomial of degree i and has only

monomials of the same parit y as i . F urthermore the leading co e�cien t of Gi is

(� 2)i
.

W e will no w pro v e b y recurrence that for i � 0 the co e�cien ts of Gi are b ounded

in absolute v alue b y (i + 1)! .

The prop ert y is true for G0(x) = 1 . Assume the prop ert y true for some i � 0
and write

Gi (x) =
iX

j =0

aj x j

Gi +1 (x) =
i +1X

j =0

bj x j :

F or j � i � 1 w e ha v e

bj = � 2aj � 1 + ( j + 1) aj +1

jbj j � 2(i + 1)! + ( j + 1)( i + 1)!

� (j + 3)( i + 1)!

� (i + 2)! :

Since bi = 0 and jbi +1 j = 2 i +1 < (i + 2)! the prop ert y holds for i + 1 .

F or n � 0 and x 2 [17; 42] w e kno w that

jGn (x)j � n � (n + 1)! xn :

10



W e ma y no w b ound jf (n) j as follo ws:

jf (n)(x)j � j Gn (x)je� x2
logx +

n� 1X

i =0

�
n
i

�
jGi (x)je� x2

(n � i � 1)!x i � n

� n � (n + 1)! xn e� x2
logx + n!

n� 1X

i =0

i (i + 1)
n � i

x2i � ne� x2

� n � n!e� x2 �
(n + 1) xn logx + ( n � 1)xn� 2�

:

In particular the follo wing b ound is v alid for x 2 [17; 42]:

jf (n) j � n � n!e� 172 �
(n + 1)42n log 42 + (n � 1)42n� 2�

:

Using this b ound w e ha v e computed the v alue of I with our algorithm and sev eral

c hoices of w orking precisions p: 53 bits and 113 bits to repro duce the double and

quad precision, and precisions 200, 500, 1000, 2000 and 5000 bits to observ e the

b eha viour of our algorithm in higher precision.

p m n
opt

Predicted

go o d bits

Measured

go o d bits

Running time

(ms)

W eigh ts

computation time

(% of total time)

53 16 20 27 37 8 50

113 16 35 87 103 16 80

200 16 54 174 193 96 55

500 32 80 474 498 404 34

1000 32 142 974 998 620 37

2000 32 254 1974 1994 2952 44

5000 32 556 4974 4995 32818 51

Figure 1: Optimized order n
opt

for di�eren t w orking precisions p in bits and orders m of

comp osition. The timings w ere done on a 2.4GHz AMD Opteron — 250 pro cessor.

F or sev eral orders m of comp osition doubling at eac h step, w e seek to �nd

the smallest v alue of the n um b er of p oin ts n for whic h the b ound B
math

on the

mathematical error is smaller than the b ound B
rounding

on the rounding errors (see

Figure 1). This v alue of n is considered optimal in the sense that increasing it

will decrease B
math

with no b ene�t in the guaran teed accuracy since B
rounding

will

increase, and using a smaller v alue of n means that w e are using to o high a w orking

precision. F or eac h set of parameters w e giv e the n um b er of go o d bits predicted

b y the soft w are, and the n um b er of bits actually correct, as measured against a

v alue that is assumed to b e accurate to a precision higher than what w e will require

afterw ards. This reference v alue w as computed with a precision p = 5200 bits

using the 911-p oin ts Gauss-Legendre quadrature comp osed 8 times. F or this set of

parameters our algorithm giv es

B
math

� 2� 5599

B
rounding

� 2� 5594

B
total

� 2� 5593

11



and a v alue v � 1:011� 2� 421
in binary , so the computed v alue is accurate to ab out

5593� 421 = 5172 bits of relativ e precision, whic h is enough for our exp erimen ts.

The result of this exp erimen t is giv en in Figure 1. F or a giv en w orking precision

p w e noticed that for sev eral orders of comp osition m the n um b er of predicted go o d

bits is the same (when w e pic k the optimal order n of the metho d) so w e k ept only

the line with the b est running time.

In order to study ho w go o d the di�eren t error b ounds are, w e c hose to compute

I with a w orking precision of p = 1000 bits and an order of comp osition m = 8 and

v ary the n um b er of p oin ts n of the metho d.

The results are giv en in Figure 2 for a comparison of the predicted error b ound

and the measured error, and Figure 3 for a comparison of the rounding error b ound

and the mathematical error b ound.

Lo oking at Figure 1 w e see that when w e use the optimal n um b er of p oin ts n , the

accuracy actually ac hiev ed is v ery close to the w orking precision: in other w ords,

almost all bits are correct (except for p = 53 bits). The gap b et w een the n um b er of

bits predicted to b e correct and the n um b er of bits measured to b e correct (what

w e ma y call our �p essimism factor�) is stable at ab out 25 bits. W e ma y consider

for example that for a w orking precision of 2000 bits a loss of 20 in the n um b er of

predicted go o d bits (i.e., 1% of the w orking precision) is satisfactory .

-1600

-1400

-1200

-1000

-800

-600

-400

-200

 0  50  100  150  200  250  300  350  400

lo
g(

er
ro

r)

n

measured
total

Figure 2: The b ound on the total error B
total

and the measured error when computing I
with m = 8 and 1000 bits of precision, for sev eral n um b ers of p oin ts n of the metho d.

Lo oking at Figures 3 and 2 w e observ e that our p essimism stems from the b ound

on the mathematical error B
math

. As so on as B
math

� B
rounding

the n um b er of pre-

dicted go o d bits follo ws closely the n um b er of bits measured correct. Our in terpreta-

tion is that the estimation of the rounding error b ound is quite go o d. Because of the

o v erestimation of the mathematical error, our algorithm �nds the v alue n
opt

= 254
where n � 175 w ould ha v e b een enough. Considering the cost of computing the

co e�cien ts of the Gauss-Legendre metho d whic h is quadratic in n , w e ma y again

consider the p erformance of the exp erimen t to b e satisfactory , considering ho w little

w ork w as needed to establish B
math

.
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Figure 3: The b ounds B
rounding

on the rounding error and B
math

on the mathematical

error when computing I with m = 8 and 1000 bits of precision, for sev eral n um b ers of

p oin ts n of the metho d.

F or the parameters used in Figure 1 the co e�cien ts computing time is ab out half

of the full running time (Figure 4) of the quadrature algorithm, whic h is exp ected

since w e k ept only the b est comp osition order for eac h precision. W e tried only

p o w ers of 2 as comp osition orders, but it is exp ected that the p ercen tage is closer

to 50% when the exp erimen t is done o v er all p ossible (m; n) parameters. It is also

p ossible to use precomputed v alues for these co e�cien ts.

As for the actual v alue of I computed, w e get

I � 0:256572850056� 10� 126

whic h means that the �rst v alue v1 giv en b y Maple 10 had one correct digit out of

ten displa y ed.

Our source co de will b e released under the GNU LGPL within a few mon ths.

6 Conclusion

The Gauss-Legendre quadrature sc heme pro vides a robust n umerical in tegration

algorithm, in the sense that an increase in the order of the metho d results usually

in an increase in the accuracy of the results. This is not true of the Newton-

Cotes quadrature sc heme for example, where the stabilit y su�ers from co e�cien ts

of di�eren t signs for n � 8, if the w orking precision is not increased accordingly .

Pro viding the function f is su�cien tly smo oth on a �nite in tegration domain

[a; b] and b ounds on its deriv ativ es are kno wn, w e w ere able in this pap er to prop ose

a quadrature algorithm with a complete error analysis. Our b ound on the �nal error

is v alid for an y precision or order of the metho d, and since it is an actual b ound and

not a mere estimate w e do in fact compute an in terv al con taining the true v alue of

the in tegral.
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As future w ork w e consider an adaptation of our error b ound when using an

adaptiv e quadrature sc heme. If the b ounds on the deriv ativ es of f are kno wn not

only globally for the whole in terv al but more precisely for sub-in terv als, w e ma y b e

able to use automatically a higher comp osition order on sp eci�c sub-in terv als, as

needed. W e are also in terested to see ho w this kind of error b ounds could b e giv en

for the double exp onen tial in tegration [7 ].
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Figure 4: T otal computing time in millisecond when computing I with m = 8 and 1000
bits of precision, on a 2.4GHz AMD Opteron — 250 pro cessor.

References

[1] Da vid H. Bailey , Xiao y e S. Li, and Karthik Jey abalan. A comparison of three

high-precision quadrature sc hemes. Exp erimental Mathematics , 14(3):317�329,

2005.

[2] Philip J. Da vis and Philip Rabino witz. Metho ds of numeric al inte gr ation . A ca-

demic Press, New Y ork, 2nd edition, 1984.

[3] James Demmel and Y ozo Hida. A ccurate and e�cien t �oating p oin t summa-

tion. SIAM J. Sci. Comput. , 25(4):1214�1248, 2003.

[4] Nic holas J. Higham. A c cur acy and Stability of Numeric al A lgorithms . SIAM,

2nd edition, 2002.

[5] IEEE standard for binary �oating-p oin t arithmetic. T ec hnical Rep ort ANSI-

IEEE Standard 754-1985, New Y ork, 1985. appro v ed Marc h 21, 1985: IEEE

Standards Board, appro v ed July 26, 1985: American National Standards In-

stitute, 18 pages.

[6] F. Jézéquel, F. Rico, J.-M. Chesneaux, and M. Charikhi. Reliable computation

of a m ultiple in tegral in v olv ed in the neutron star theory . Math. Comput.

Simul. , 71(1):44�61, 2006.

[7] Masatak e Mori. Disco v ery of the Double Exp onen tial Transformation and Its

Dev elopmen ts. Publ. RIMS , 41:897�935, 2005.

14



[8] W alter Oev el. Numerical computations in MuP AD 1.4. mathP AD , 8(1), 1998.

[9] Nathalie Rev ol. In terv al newton iteration in m ultiple precision for the univ ari-

ate case. Numeric al A lgorithms , 34(2-4):417�426, dec 2003.

[10] F abrice Rouillier and P aul Zimmermann. E�cien t isolation of a p olynomial

real ro ots. Journal of Computational and Applie d Mathematics , 162(1):33�50,

2003.

[11] The Spaces pro ject. The MPFR library , v ersion 2.2.0. http://www.mpfr.org/ ,

2005.

15



A Pro ofs

Theorem 1. The Gauss-L e gendr e metho d on [a; b] with n p oints is exact for p oly-

nomials of de gr e e � 2n � 1.

Pr oof : b y de�nition, the Gauss-Legendre quadrature sc heme b eing of in terp olatory

t yp e is exact for p olynomials of degree � n � 1. Let f b e a p olynomial of degree

� 2n � 1. W e write

f = q � Pn + r; with deg(q) � n � 1; deg(r ) � n � 1:

Since Pn is orthogonal to the set Pn� 1 of p olynomials of degree � n � 1 w e ha v e

Z 1

� 1
q(x)Pn (x)dx = 0

and Z 1

� 1
r (x)dx = I (r )

is computed exactly b y the metho d.

Theorem 2. L et M 2n b e a b ound of jf (2n) j on [a; b], then the err or of the Gauss-

L e gendr e inte gr ation of f on [a; b] with in�nite pr e cision is b ounde d by

(b� a)2n+1 (n!)4

(2n + 1)[(2 n)!]3 M 2n :

Pr oof : Let E[f ] =
R1

� 1 f (x)dx �
P n� 1

i =0 wi f (x i ) b e the error of the metho d for the

function f . Let h b e the p olynomial of degree � 2n � 1 suc h that

8i 2 [0; n � 1]; f (x i ) = h(x i ) and f 0(x i ) = h0(x i ):

Then the remainder theorem for p olynomial in terp olation states that

f (x) = h(x) +
f (2n)(� (x))

(2n!)
(x � x0)2(x � x1)2 : : : (x � xn� 1)2

for � 1 � x � 1 and a < � (x) < b . F rom Theorem 1, E[h] = 0 so w e ha v e

E[f ] = E

"
f (2n)(� (x))

(2n!)
(x � x0)2(x � x1)2 : : : (x � xn� 1)2

#

= �
Z 1

� 1

f (2n) (� (x))
(2n!)

P2
n (x)
k2

n
dx:

With the mean v alue theorem there exists � 2 (� 1; 1) suc h that

E[f ] = �
f (2n)(� )
k2

n (2n!)

Z 1

� 1
P2

n (x)dx:
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By m ultiplying Equation (1) b y Pn� 1(x) and in tegrating o v er [� 1; 1] w e get

(2n + 1)
Z 1

� 1
xPn� 1(x)Pn (x)dx = n

Z 1

� 1
P2

n� 1(x)dx:

Let vn =
R1

� 1 P2
n (x)dx . By Euclidean division w e can write xPn� 1(x) = kn � 1

kn
Pn (x)+

R(x) where deg(R) < n . So

(2n + 1) kn� 1

kn

Z 1

� 1
P2

n (x)dx = n
Z 1

� 1
P2

n� 1(x)dx

(2n + 1) kn� 1

kn
vn = nvn� 1

vn =
�

n
2n + 1

�
kn

kn� 1
vn� 1:

Again from Equation (1) w e get kn = 2n� 1
n kn� 1 , so

vn =
2n � 1
2n + 1

vn� 1

vn =
2

2n + 1

kn =
(2n � 1)!

(n � 1)!n!2n� 1 :

Finally the error term is

E[f ] = f (2n)(� )
2[(n!)(n � 1)!]222n� 2

((2n � 1)!)2(2n)!(2n + 1)

=
22n+1 (n!)4

(2n + 1)[(2 n)!]3 f (2n) (� ):

T aking in to accoun t the scaling from [� 1; 1] to [a; b] there is an additional

�
2

b� a

� n

factor in kn and

b� a
2 in vn .

Lemma 1. If c 6= 0 and x 6= 0 then c � ulp(x) < 2 � ulp(cx) .

Pr oof : if c < 0 it is v oid. By de�nition

2p� 1ulp(x) � j xj

and

jcxj < 2pulp(cx)

so

c � 2p� 1ulp(x) � j cxj < 2pulp(cx):

Lemma 2. Assuming no under�ow o c curs then in al l r ounding mo des for a non

zer o r e al x we have: ulp(x) � ulp( � (x)) , wher e � (x) is the r ounding of x in the

chosen mo de with an unb ounde d exp onent r ange.

Pr oof : w e ha v e 2E (x)� 1 � j xj < 2E (x)
and ulp(x) = 2 E (x)� p

. After rounding w e

get 2E (x)� 1 � j � (x)j � 2E (x)
since 2E (x)

and 2E (x)� 1
are exactly represen table,

therefore ulp( � (x)) � 2E (x)� p � ulp(x) .
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Lemma 3. L et x a non-zer o r e al and � (x) its r ounding to ne ar est on p bits. Then

jxj � (1 + 2 � p)j � (x)j .

Pr oof : b y de�nition of rounding to nearest w e ha v e

jx � � (x)j �
1
2

ulp( � (x)) �
1
2

21� pj � (x)j;

jxj � j � (x)j + 2 � pj � (x)j:

Lemma 4. L et a and b b e two non-zer o �o ating-p oint numb ers of the same sign

and pr e cision p then in al l r ounding mo des

ulp(a) + ulp( b) �
3
2

ulp( � (a + b)) :

Pr oof : It su�ces to consider the case where a and b are p ositiv e. The de�nition

of ulp giv es:

2p� 1ulp(a) � a < 2pulp(a);

2p� 1ulp(b) � b < 2pulp(b)

th us

2p� 1[ulp(a) + ulp( b)] � a + b < 2p[ulp(a) + ulp( b)]:

If ulp(a) = ulp( b) w e get

2pulp(a) � a + b < 2p+1 ulp(a)

and therefore ulp( � (a + b)) � ulp(a + b) � 2ulp(a) = ulp( a) + ulp( b) (Lemma 2)

and the lemma holds.

Otherwise w e can assume without loss of generalit y that ulp(a) > ulp(b) , that

is ulp(a) � 2 � ulp(b) . W e deduce:

ulp(a) + ulp( b) �
3
2

ulp(a);

and together with ulp( � (a + b)) � ulp(a + b) � ulp(a) (Lemma 2) this concludes

the pro of.

Lemma 5. F or x and y r e al numb ers and using r ounding to ne ar est in pr e cision p
we have

j � (� (x) � � (y)) � xyj �
5
2

ulp( � (� (x) � � (y))) :

Pr oof : let u = � (x) , v = � (y) and z = � (uv) . The signs of x and y don't c hange

the result for the error on the m ultiplication. Since w e are in terested in the relativ e

error, w e can m ultiply x or y b y an y p o w er of 2. Without loss of generalit y w e can

therefore assume

1 � x � y < 2:

Let e = 1
2ulp(1) = 2 � p

. With correct rounding to nearest w e ha v e

x = u(1 + � ); y = v(1 + � 0); uv = z(1 + � 00) où j� j; j� 0j; j� 00j � e:

W e consider t w o cases:
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Case x � 1 + e: then u = � (x) = 1 and the m ultiplication z = � (uv) = uv is exact.

The error can b e b ounded b y

jz � xyj = juv � xyj

� j uvj � j 1 � (1 + � )(1 + � 0)j

� j uvj(21� p + 2 � 2p)

� j zj(21� p + 2 � 2p)(1 + 2 � p):

Then jzj � (2p � 1)ulp(z) whic h yields jz � xyj � 2 + 2 � p � 21� 2p � 2� 3p � 5
2

since p � 1.

Case x > 1 + e: then u = � (x) � 1 + 2e. The condition x > 1 + e ensures that the

�oating-p oin t n um b er 1+2e is closer to x than the �oating-p oin t n um b er 1, so

the rounded to nearest of x will in an y case b e greater than the �oating-p oin t

n um b er 1 + 2e. W e deduce

ju � xj � e

�
eu

1 + 2e

j� j �
e

1 + 2e
:

By the same argumen t w e ha v e

j� 0j �
e

1 + 2e
:

The global error can then b e b ounded b y:

jz � xyj =
1
2

ulp(z) + juv � xyj

�
1
2

ulp(z) + juvj � j 1 � (1 + � )(1 + � 0)j

�
1
2

ulp(z) + juvj

 �
e

1 + 2e

� 2

+
2e

1 + 2e

!

�

 
1
2

+
�

1
e

� 1
�  �

e
1 + 2e

� 2

+
2e

1 + 2e

!!

ulp(z)

�
�

1
2

+
(5e+ 2)(1 � e)

(1 + 2e)2

�
ulp(z):

A simple function study con�rms that

(5e + 2)(1 � e)
(1 + 2e)2 � 2:
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